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DEFORMATION OF A SUPPORTED SHORT CYLINDRICAL
SHELL OF ALUMINUM ALLOY UNDER

INTERNAL PRESSURE

Y. OHASHI and N. KAMIYA

Department of Mechanical Engineering, Faculty of Engineering, Nagoya University, Nagoya, Japan

Abstract-In order to analyze the deformation due to internal pressure of thin cylindrical shells of materials
having nonlinear stress-strain relations, fundamental equations were derived by using Kirchhoff's hypothesis
and introducing a parameter showing the effect of compressibility of the material. The equations were applied
to a supported short cylindrical shell of aluminum alloy under internal pressure. In order to investigate the
validity of the assumptions, the analytical results were compared with experimental results.

The analytical results of the axial strain components on the outer and inner surfaces are remarkably different
from each other. The complicated variation of the distribution of axial strain on the inner surface with increase
of pressure is attributed to the nonlinearity of the deformation, and such a trend was verified clearly by the
corresponding experiment.
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dimensions of circular cylindrical shell (Fig. 1)
material constants [equation (26)]
matrix elements defined by equation (29) (Appendix II)
parameter characterizing material compressibility
unit elongations of middle surface
effective strain
volumetric mean of e
variable parameters defined in equation (22)
symbols defined by equation (25)
bending moments per unit length of middle surface
internal pressure
shearing force per unit length of middle surface
gradient of radial displacement [equation (19)]
membrane forces per unit length of middle surface
displacements
orthogonal coordinate system (Fig. 1)
coefficient of volumetric strain
changes in curvature of middle surface
Kronecker's symbol
mean normal strain
strain components
mean normal stress
effective stress
stress components

1. INTRODUCTION

DEFORMATION analyses of cylindrical shells of finite length subjected to internal pressure
have been carried out in detail in elasticity [1]. In plasticity however, only limit analysis has
been applied for such problems [2, 3J. On the other hand, though limit analysis may be
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available for materials having a discrete yield point such as mild steel, it cannot be applied
in a sufficiently wide range of deformation for a cylindrical shell of a material with a non
linear stress-strain relation.

Therefore, in the present paper, fundamental equations are derived to analyze the
axisymmetric deformation ofa cylindrical shell under internal pressure for materials having
non-linear stress-strain relations. In the analysis, Kirchhoff's hypothesis is used under
the assumption that the shell is thin. Moreover, Hencky's equation is used for the plastic
stress-strain relation, and, for considering the effect of compressibility of the material, a
parameter related to the mean value ofeffective strain over the whole region subjected to the
assigned pressure is introduced. The non-linear stress-strain relation of the material
obtained by a calibration test is approximated by a polynomial of four terms.

Since the above mentioned assumptions are approximations to simplify the analysis,
the fundamental equations derived from them must be discussed with respect to their
applicable ranges by comparing them with the corresponding experimental results. For
this purpose the equations are applied to the deformation of a supported short cylinder of
aluminum alloy subjected to internal pressure.

2. STRESS-STRAIN RELATION OF COMPRESSIBLE MATERIALS [4. 5J

In restricting the range of deformation to be small, Hencky's relation may be assumed
to hold between the components of the stress and strain deviators,

where

U tUii, [; = :\-eii,

if "i1[(Uii a<'Ji)(aij a<'Jij)]1,

(i,j = 1,2,3) (I)

It is also assumed that the following relation holds between the mean normal stress and
strain

f; = rxa,

where the coefficient of volumetric strain C( is constant.
Substituting equation (2) into equation (1), the stress components are obtained as

follows;

where

(3)

or, setting now

A(e) = 2ii/3e,
I

B(e) = .. (1 ~ 2ifrx/3l'),
'X

e(l') = 2iia/3e, (4)
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they are represented in the following form;

(5)

The Kirchhoff hypotheses, also known as the Kirchhoff-Love hypotheses, are fre
quently applied to the theoretical analysis of the deformation of thin plates and shells.
By employing the hypotheses that the transverse normal stress can be neglected (0"33 = 0)
in comparison with the other stress components (the x 1 and x2 coordinate curves lie on the
middle surface of the plate or shell and X3 is perpendicular to it), the transverse normal
strain, the volumetric strain and the effective strain respectively, are formally expressed
by using equation (5) as follows,

(6)

Substituting equations (6), equation (5) becomes

- [2+C(e) l-c(e) ]
0"11 = A(e) 1+2c(e{;11 + 1+2c(e{'22 ,

(8)

The value of c(e) is defined by equation (4) and can be determined experimentally, for
example, by a uniaxial tension test (Fig. 7). It is apparent from Fig. 7 that c(e) decreases
with increase of e. Since the first term in the right hand side of equation (7) contains c(e)
dependent on e, equation (7) does not define eexplicitly. On the other hand, the result in
Fig. 7 and the definition (4) indicate that the value of c(e) is small compared with unity and
that it vanishes for an incompressible material.

Since the influence of a small variation of c(e) on the deformation does not seem to be
severe, for convenience of analysis, a constant value defined in the following, corresponding
to each external load, for the value of c(e) entered in equations (7) is used. The average
value of eover the deformed body, eeq = f edvff dv, is considered to represent the deformed
state under each external load. The value of c(e) obtained from Fig. 7 by using eeq, c(e = eeq),
may be considered as a constant corresponding to the prescribed load. Hereafter it is
written as c instead of c(e).

Since the above approximation is, however, based on the average distribution of e
over the entire volume, it is noted that it does not take account completely of the local
effect of a steep change in strain distribution and concentrated strain.

The considerations described above were applied to the analyses of the deformation of
circular plates under lateral load and the analytical results agreed fairly well with the
corresponding experimental ones [4, 5]. Since the deformation of thin walled circular
cylindrical shells subjected to internal pressure may also be treated as a plane stress problem,
in this paper, it is analyzed in a similar manner to the previous papers [4, 5].
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3. FUNDAMENTAL EQUAnONS

As shown in Fig. 1, a coordinate system x, 0, z is considered at the center on the middie
layer of the cylindrical shell under internal pressure. The shell is assumed so thin that a
state of plane stress may be considered,

The stresses 'xo and 'zo vanish on account of geometrical symmetry. The remaining stresses
are expressed by using equations (8) as follows:

(9)

o
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f

FIG. 1. Coordinate system. Cylindrical shell under internal pressure

By using the components of bending moment M x , M o, membrane force Tx, 1;/ and shear
ing force Qx, the equilibrium conditions of the shell for small deformations are expressed as

dTx/dx = 0,

dQx/dx + To/a = p,

dMx/dx - Qx = o.

(10)

(II)

(12)

From the components of unit elongation ex, eo and the change of curvature Ct.x of the
middle surface of the shell, with another assumption of Kirchhoff, the components of
strain are expressed as follows;

/;1/ = eo· (13)

The change of curvature in the circumferential direction may be neglected in the small
deformation theory;

Ct.o = o. (14)

With the use of the radial displacement wand the axial displacement u, the values en Co

and Ct.x are expressed as [1 ]

ex = du/dx, eo = - W/,l, (15)
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Eliminating w from equation (15), the following relation is obtained:

d2ee/dx2 = r:J.x/a. (16)

Since the shear stress L XZ is usually neglected, and the shear force Qx cannot be expressed
as an integration of the stress through the thickness, the equation

d2M)dx2 = p-Te/a, (17)

which is obtained by eliminating Qx from equations (11) and (12), is used for the analysis.
However, in that case, it is necessary to consider a system of second order differential
equations, by differentiating equation (10) as follows:

(18)

to solve the fundamental equations numerically. However, as shown later, since the com
ponents of the bending moment and the membrane force contained in equations (17) and
(18) are expressed by the components of strain, it will be very cumbersome to differentiate
each of the components twice with respect to x. Moreover, the numerical solution of a
system of second order differential equations is much more difficult to obtain than that of
a system of first order equations. The following method is, therefore, intended to avoid such
a difficulty. In the method, the shear force Qx is considered as a parameter related to x, and
another parameter s is introduced as follows:

s = -dw/dx. (19)

By using the parameter s, the compatibility condition of strain (16) is divided into two
differential equations of first order

dee/dx = s/a,

ds/dx = r:J. X •

(20)

(21)

Consequently, the system of fundamental equations consists of five equations, (10HI2),
(20) and (21), and these are all first order differential equations with respect to x.

As in the previous paper [5], the components of strain ex, ee and those of change of
curvature r:J. x , r:J.II are transformed by using the parameters £1> {3, WI and Wo as follows:

(22)

In the above relations, as r:J.II may be considered as zero identically for small deformations,
it follows that:

cos(Wo +n/3) +c cos Wo = O. (23)

Therefore, the value of Wo may be found as a constant for the assigned pressure, because
the value of c may be obtained as a constant for each assigned pressure. Then, from
equation (14), ex, ell and r:J.x may be considered as functions of £1> {3 and WI'
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(24)

As usual, the components of the bending moment and the membrane force arc obtained
by integrating through the thickness the components of stress and its moment. By Llsing
equations (9) and (22), these values are expressed as follows;

i Sl = ±tElh[sin«(.()} ±nI3)] 1+ /J sin (wo ±n13)I 2J,
()

M}M: = ±tE l
h2 [sin(wl ± nj3)12 + If sin(wo ± n/3)I:>J

where

11 = _/1 fh (iife) dz,
1 -h

I ~h

12 =-,2 I (iile)z dz,
1 ~"'h

1 I'h

'/~3J (ii/e)zZ dz.
1 -h

(25)

The non-linear stress-strain relation of the material obtained from calibration test is
approximated by the following polynomial:

(26)

The concrete form of equation (24) is expressed in detail in Appendix 1. By integrating
equation (10), the following relation is obtained;

T, = canst., (27)

where the value of the integration constant is to be obtained from the boundary conditions.
Then, the three parameters E1> f3 and WI are not independent of each other and the func
tional relation may be selected as follows;

(28)

(29)

where the concrete form of the relation, which is to be found by solving the transcendental
equation (27), is difficult to express formally. Then, E1(x) and fJ(x) may be considered as the
independent parameters which are variable with respect to x.

By substituting equations (22) and (24) into equations (10), (12) and (20), the system of
fundamental differential equations is expressed as

(

'all a," au')' (dEddX)," ("b
1

)
a21 a22 a2 3 df3/dx = bz ,

,U31 a32 a33 dwl/dx ,b3,

where the expressions for the elements of the square matrix (aii) and those of the column
matrix (bi ) on the right hand side are rather complicated and are shown in Appendix ll.

As the value of c contained in equation (4) depends on the deformed state as well as the
characteristics of the materia~ it is difficult to estimate in advance. We nOw employ a
method used in previous papers [4, 5J. The method consists of three steps. Firstly, the
fundamental equations are solved for the assigned value of p under the assumption ofc = O.
From the result, the distribution of effective strain is found over the shell, and its volumetric
mean value eeq is estimated. By assuming that eeq represents the state of the whole shell,
the corresponding value ofc for the assigned value ofp is obtained from the relation between
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c and eof the material obtained by calibration test under uniaxial stress state. By repeating
the numerical integration with the use of c just obtained, the deformation analysis of the
shell may be completed.

4. NUMERICAL EVALUATION AND ITS RESULTS

The values of the constants ao, at, a2 and a3 contained in the polynomial stress-strain
relation (26) were determined by calibration tests using uniaxial tension specimens from a
cylindrical shell of aluminum alloy in the manner discussed in Section 5(a), and they have
the following values:

ao = 1·139xl04, at = -2·877 x 106
, a2 2·784 x 108

a3 = -9·541 x 1011 (kg/mm2).

The fundamental equations were applied for a supported short cylindrical shell with
axially movable ends having ratios a/h = 40 and I/a = 0·5. The boundary conditions are
expressed as follows:

Mx=Tx=w=O at x=±l. (30)

The results of the evaluation are shown in Figs. 2-6 and Table 1. Figure 3 shows the
components ofthe bending moment Mx/h2 and Me/h2

, where the location of the maximum
value lies within the range 0·6 ~ x/I ~ 0·8. In the case of linear elasticity, when the dis
tributions vary proportionally with pressure, the location of the maximum value does not
move with pressure. However, according to the solution obtained here, the maximum
moves towards the center with increase of pressure. Moreover, the maximum value of
Mx/h2 decreases with increasing pressure for pressures higher than 70 kg/cm2, while that
of Me/h2 increases with increase of pressure. These trends are quite different from the cor
responding elastic solution.

40

P =85 kg/cm2

1: 80 !

E 70"-
'" 30
"'"
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X/I

FIG. 2. Distributions of circumferential component of membrane force.
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FIG. 3. Distributions of axial (solid line) and circumferential (chain line) components of bending moment.

Though the values of Mx/h 2 and Mo/h 2 are less than that of To/h, since the ratio of maxi
mum value of IMxlh 2

1 to that of ITo/hi is about 0·16 for p = 60kg/cm 2 for example, the
former values are not negligible in comparison with the latter as in the membrane theory.

Figure 4 shows the radial and axial displacements of the cylindrical shell. In linear
elasticity, two different distribution modes of w have been recognized according to a
parameter.jI[3(1- v2)]JW/2ah), which contains the Poisson's ratio ;' and the geometry of
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X! l

08 10

FIG. 4. Distributions of radial (solid line) and axial (chain line) displacements.
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FIG. 5. Distributions of axial strain components on inner (solid line) and outer (chain line) surfaces.

the cylinder [1J. That is, a mode in which the maximum value of w appears at the center
x = 0 corresponds to the shorter cylinder, and another mode in which the maximum value
of w appears not at x = 0 but somewhere distant from the center corresponds to the longer
ones. As the ratio [2/ah of this example belongs to the former mode in elasticity, as shown in
Fig. 4, a mode corresponding to the shorter shell in elasticity was obtained also in the
analysis using a non-linear stress-strain relation.

Figure 5 shows the axial strain components on the inner surface z = h and the outer
surface z - h, where a remarkable difference can be recognized between them. Moreover,
the distribution on each surface varies strikingly with increase of pressure. These effects
are the consequence of bending action.

5. EXPERIMENT

5(a). Material of specimen

The aluminum alloy used for the specimen has the chemical components and mechanical
properties shown in Table 2, and the stress-strain relation and the relation between the
parameter c and the effective strain as shown in Fig. 7. The cylindrical specimen was
prepared from the raw cylinder with outer diameter 270 mm and wall thickness 10 mm.
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FIG. 6. Distributions of circumferential strain component.

For finding the stress-strain relation of this material, the uniaxial tension specimens as
shown in Fig. 8 were cut out in the circumferential and axial directions from the raw
cylinder. Moreover, as the specimen in the circumferential direction cannot be cut from the
raw cylinder as it is, it was prepared by the following procedures. The arched strip with arc
length of about 170 mm as shown by a fine line in Fig. 8 was cut out first. The central part
of 50 mm length was fixed with a vice together with the closely fitted guards on both sides,
and its ends were stretched out as shown by the dashed line. The specimen was cut from the
piece obtained in that manner. The results of calibration tests performed with two speci
mens each in both directions are shown in Fig. 7. As shown in Fig. 7, the stress-strain rela
tions found in the axial and circumferential directions deviated from each other within the
order of 5 per cent in the plastic range. Therefore, the material may be assumed as almost

TABLE I. VALlJES OF £, _ {i AT x = 0 AND THE PARAMETER c

p(kgjcm 1
) 25 50 60 70 80 85

Incompressible E,(x~o,x 103 0-498079 1-21890 1·66242 2·37934 4-30637 5·55145
(c = 0) p(X 01 0-066223 0-119073 0-138546 0-165323 0-232753 0·255879

eeq x 106 450 1030 1380 1930 3320 4140

c 0-270 0-270 0-262 0-235 0·182 0-163

Compressible E,(x~OIXI03 0-490412 1·21179 1·65583 2-36525 4·29263 5·75562
(c #- 0) f3(x~OI 0-055473 0-077519 0-094713 0-125628 0-195964 0-196902
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TABLE 2_ CHEMICAL COMPONENTS AND MECHANICAL PROPERTIES OF MATERIAL

Chemical components
('Yo)

Cu Si Fe Mn Mg Zn Cr Ti Al

0-02 0-08 0-19 0-66 4·57 0·03 0·22 <0-01 R
---- -~-"---------~._------------_..__.-

Mechanical properties

Proof stress
(kgjmm2 )

16-1

Tensile strength
(kgjmm2 )

33-9

Elongation
(~{,)

20·3

Ib

25 '-----,-------1-------,-----,-----,

"E 20 I------t-----r-:---i------t----_"-=l 04

~ ~O""~.~e~~~~~~~~r=====---....... -- _Experimental
15 ~ ( axial direction I - 03f-----r~ "'!""- (circumferential

- 1 '" directian)

'-..... (j-o 1139x104e-2877x106e2
I 0 I----I---t-~ - r---- -- 02

/

-~___ +2784 xl(je3
- 9541 x10II "85c-e - _

5

1

/ ---+-------------Tc------=~---i 0 I

o 2 4 6 8
-3

10XI0
e

FIG. 7. Stress-strain relation and relation between the parameter c and the effective strain.

isotropic and the average relation shown by the thick curve may be substituted instead of the
two fine curves. The stress-strain relation expressed by the polynomial with the above
mentioned values ao to a3 coincides with the averaged curve almost completely.

5(b). Cylindrical shell specimen

The cylindrical shell specimen with outer diameter 269 mm, thickness 2h = 6-5 mm
and length 134 mm was prepared from the raw cylinder by fine turning of both surfaces.

Circumferential tensile
specimen

Axial tensile specimen

FIG. 8. Uniaxial tension specimen.



9R6 Y. OHASHI and N. KAMIYfI

As the parts of 1·5 mm wide at both ends of the cylinder are lapped over by the supportmg
circle (Fig. 9), the effective length 21 of the specimen becomes 131 mm. Then. the specimen
has the mean diameter 2a 262·5 mm and the ratios alh 40 and flo 0·50 eonl>
sponding to the values used in the above calculation.

5(c). Experimental apparatus

The experimental apparatus used is shown in Fig. 9. where both ends of specimen
are supported with the circles inside the thick circular disks of mild steel joined together
with 16 bolts. The circular disk has sufficient rigidity not to show any visible deformation
under the applied pressure. The inner diameter of the supporting circle was finished as
precisely as possible. To keep the distance between the two disks precisely equal to the
effective length of the specimen, the central part of the bolt which is equal to the effective
length was finished somewhat thicker with sharp steps at both of its ends. The cylinder
was subjected to oil pressure from inside, and the pressure was measured with a Bourdon
type pressure gauge.

!
o
tf)

i

I
i

o
tf)

!

OJ I pressure

320 40 .
400->-'

FIG. 9. Experimental apparatus.

Correct support of the specimen is most important on the apparatus. Therefore, the
length of overlapped parts at both ends of the specimen with supporting circles were
designed somewhat longer.

5(d). Experimental procedure and its result

For measuring the components of strain on both surfaces in the axial and circumfer
ential directions, wire resistance strain gauges with gauge length 10 mm and grid width
2 mm were attached at the points corresponding to xii = 0, 0·2, 0-4, 0·6 and 0·8 on both
surfaces. As the strain components which are to be measured by these gauges correspond
to the mean value of the distribution within 10 mm in the axial direction and within 2 mm
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in the circumferential direction around the above-mentioned points, the analytical values
corresponding to them are to be mean values within the ranges shown with thick line
segments on the abscissa in Figs. 5 and 6.

As the value of wwas extremely small, it was measured by dial indicators with minimum
graduations of 0·001 mm at the location corresponding to x/I = 0, 0·25, 0·50 and 0·75.
Although the value of w at the supported ends was supposed not to exist, it was difficult
to a void very slight clearances between the specimen and the supporting circle. Accordingly
the dial indicators were arranged also there.

Figures 10-13 show the results obtained by the experiment where various small circles
represent the experimental values and the solid curves show the corresponding analytical
results.

6. DISCUSSION AND CONCLUSIONS

6(a). Radial displacement

Since the experimental values of radial displacement at the supported ends due to
slight clearances are far smaller than the corresponding values at other positions of the
specimen, the experimental value of w at each measuring point was determined by sub
tracting the value at the support from the corresponding measured values. Figure 10
shows the relation between the values determined above and the pressure. In this figure,
these values agree very well with the corresponding analytical results in the range of
p S; 65 kg/cm2

, and the difference between them becomes fairly large thereafter. On the
other hand, according to the relation 80 = w/a, the radial displacement has a close
relation with the value of circumferential strain component 80' As shown in Fig. 13, how
ever, the analytical and experimental values of 80 at each measuring point have a fairly
good agreement with each other in the range of p ;;:::: 65 kg/cm2• Accordingly the difference
between results in Fig. 10 should be attributed to the experimental error in the measurement
of radial displacement.

-15

0

~ -1.2 Experimento!
3:: 0 XI L=0

• 025
<I> 050

-0.9 @ 075

-06

-03

o 20 40 60 80 100

P kg/cnf

FIG. 10. Relation between radial displacement and pressure.
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In the case of a circular plate under lateral load [5J made of almost the same material
as the present specimen, the comparatively clear distinction between linear clastic and
strain hardening plastic ranges shown in the results of calibration tests of the material
could not be found in the relation between deflection and load. In the present results,
however, the distinction is fairly clear in the relation between radial displacement and
pressure. This may be attributed to the difference of stress distribution modes of both cases.
That is, though the bending stress is far larger than the membrane stress ill the case of a
circular plate, the membrane stress is far larger than the bending stress for a cylindrical
shell. Therefore, the strain hardening plastic range in the case of a plate appears on both
surfaces for a small amount of load and the effect of hardening appears gradually. In the
cylindrical shell, due to the large value of membrane stress, the stress distribution through
the thickness is more uniform and the stress state through the thickness of the shell changes
uniformly for larger value of pressure.

6(b). Strain components

As shown solid lines in Figs. 11 and 12, the relations between the axial strain com
ponents and the pressure at measuring points on the inner and outer surfaces arc different
from each other due to the effect of bending action and non-linearity of deformation.
In order to grasp clearly such a complicated difference in these trends for the corresponding
experiment, more measuring points of strain components were selected than in the case of

41 XI k002
o 04

Experimental

xl I" 0
• 02
'" 04
@ 06

08

-4

-3

-2
Theoretical

X/l"08
06
0.4

-1~g2~L--

o 20 40 60 80 100
P kg/crrf

F1G. I L Relation between axial strain component and pressure on inner (= hi surface.

radial displacement. The solid curves in Fig. 13 show the relations between the circumfer
ential strain component and pressure at the same points, and there is no difference on
either surface from the assumption in the analysis. The various small circles show the
experimental results at the measuring points, which are the mean values of strain distribu
tion near the point on both surfaces, and they agree well with the corresponding analytical
results.
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FIG. 12. Relation between axial strain component and pressure on outer (z = -h) surface.

In Fig. 11, though the sequence of absolute values of axial strain components on the
inner surface (SJz~h are x/I = 0·6,0·4,0·8,0·2 and 0 in the range of p .::::;; 57 kg/cm2

, it varies
thereafter and becomes as x/I = 0,0·2,0·4,0·6 and 0·8 for p 2': 75 kg/cm2

. This was corrob
orated very well by the corresponding experimental result as shown in Fig. 10.

In shell theory, assuming that the ratio a/h = 40 corresponds to a sufficiently thin shell,
the result obtained by the membrane theory is applied. However, in the shorter cylindrical
shell mentioned above, as shown in Figs. 11 and 12, it is confirmed clearly from the
analytical and experimental results that large difference arises between the axial strain
components on the outer and inner surfaces due to the effect of bending action.

-3
10~10

8

6 -----
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-I
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o XII = 0
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'iJ 08
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Incompressible case '---...
X I I =0 ~c-6f1'V+-

Theoretical
XI L=0 "

02
0.4 -

o 20 40 60 80 100
P kg/err!'

FIG. 13. Relation between circumferential strain component and pressure.
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6(c). Effect ofcompressibility ofmaterial to the analytical result

In Fig. 13, the analytical result at xii = 0, in which the material is assumed as mcom
pressible, is also entered with a dashed line. As the value of w is very small and the errors
arising from measurement and supported ends are apt to affect the experimental result
the comparison may be made more easily on the strain component So instead of H. Though
the experimental value of So corresponds to the mean value in the range of 2 mm, as shown
in Fig. 6, the strain distribution in this range may be considered as almost uniform. As
shown in Fig. 13, the agreement between the experimental results and the solid curve is
very good except where the dashed curve deviates to the lower side from the experimental
results.
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APPENDIX

In the appendices, the following symbols are used for simplicity.

So = sinwo, Co coswo, SI = sinwl, CI = cos WI, C to COS(WI-WO),

S to = sin(WI - wo),

AppendiX I

4 [ 1 E1 f 2 3 3 S 'S) fl(F F )Tx=1h 2aoE 1Spl + .j3alpnSpo(FI-F_d+( pl-C to po(p 1+ -I

+ C10(F j E. d+SIoL)} +~a2Ef{j-pz(Spl+2C toSpo)+Spd +¥a3EI{Spl(1

+~p2(l + 2CIO)+tp4)+4P2SpOCI0H+tp2~ ,
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Mx =j:hzE I [jaopspo+ J3al ;~apSpO(Ff+F~d+l(Fi-F~I)(2SPI-tSPOClO)

-(Spl C IO -!Spo(5CIo-1»(P(FI+F- d+C IO(F1 -F~ d+SIoL)} + JazEIP{!PZSpo

+l(Spo + 2Sp1 C10) +JJa3EiP{4Sp1 ClO(l+kpZ) + Spo(l+~PZ(1 + 2CIo) ++P4
)}] •

The representations of 19 and MIJ may be obtained by substituting - SmO' - CmO ' - Sm I

and Cm1 instead of Spo, Cpo, Spl and Cp1 in the corresponding representations of '4
and Mx .

Appendix II

r 1 E 1{Z 3 3all = 2 LaoSPI +..j3alP ~SpO(FI-F_l)+(Spl-SpOClO)(P(Fl+F_I)+CIO(FI-F_I)

+SIoL)} +4azEi{Spl(lPZ+ 1) +tPZSpoC IO }+~3Ei{Spl(1 +tpz(1 +2CIo)+!P4
)

+4PZSpoClO(1+kPZ)~ ,

_ [1 EI {Z 3 3 Zau - E I - ..j3al pz ~SpO(FI-F_I)+(Spl-SpOClO)(P(FI +F_1)+ClO(FI-F-I)+SlOL)

au = E I [2aOCPI + j3al ~I {-2PSpOSlO(F1 +F-I)+(CpISpOSlOHP(FI +F_ d

+CIO(FI - F_ I)+SIoL)+2SlO(Spl -SpoClOHClOL- FI +F_ d}

+~azEi{(lpz + l)Cp1 -tPZSpOSIO} +¥a3Ei{Cpl (1 +ipz(1 +2CIo)+!P4 )

-4PZSlOHSPIClO+SPO(l+!PZ»}] ,

all = 2 [taoPSPO + j3al Z; {iPSpo(Ff +F~ d +l(Ff - F~ 1)(2Spl -jSpOCIO)-(Spl C IO

-iSpo(5CIo -1)HP(FI +L d + ClO(F1 - F_ d+SIoL)} +4a zEIPgpzSpo+l(Spo

+2Spl C IO)} +\2a3Etp{4Spl ClOH+!PZ)+SpoH+~P2(1 +2CIo)+tP4 )U '
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an = EI[taospo-\13al*}aI3Spo(Fi+F~d--ilj2Spo(jJ(F1+F d+C1o(F t F I))

+(2Spl ~SpoClo)(t(Fi F3d-IJ(f3(Ft+F d+CIO(Fl F-d))+2(fJ(1'!rF i

- f3(Fl L d + C I o( F!+ F_ d + sfoL))(Sp 1--1S,,0(5Cf0 - 1))} + ~a 2Ei{ ~/f2 Spo

+1(Spo + 2Sp, C 10)} + va3Ei(4Spl C 100+U~2) +Spo(1 +~P(1 +2Cfo) +- ~/~4)}1.

a23 = E1[,)3al ~~ {_~f32SpOSlO(FI-F d-IJSIO(FI +F d(2Spl-~SpOCIO)

+!iFT F3.. d(2Cpl +~SpoS j()) - 2S 10(C10L - F1 + F. d(Spl C IO -lSpo(5Cfo-' I))

-(epl C 10 - Spl S 10 + iSpoC lOS IOn +!J-a2 Eif3(Cp, C 10 Spl S 10)

+~a3Eif~{(}+*f32)(Cp1 C10- Spl S IO)- ~/fSpOSI0CIO}J '

a.n =- EdSpl +cSd,

b3 = ~s(lja).

Appendix III

As the representations shown in Appendices I and II are unavailable at IJ = 0, it is
necessary to find the limit of their values for f3 -+ O. Only the limit values different from
those shown in Appendices I and II are shown in the following.

Tx = ~ ElhSpl (ao ++alEl +ia2Ef +lifa3Ei) ,
y3

78 = -iElhSml(ao+ ]3a1EI +1a2Ef+lifa3Ei),

1\1x = ;"v10 = 0,

all = 2Sp1 (a o+ ;3a1E1 +4a2Ei+890a3Ei), all = 0,

an = 2Elcpl(ao+ 7alE l +ia2Ei+lifa3Ei), a2 l = 0,
,,3

an = tElspo(ao +J3 aIEl +ia2Ei + lifa 3 Et) +~ElSpl Cl0(~3 aiEl +ia2Ei +*3Et) ,

a23 = O.

(Received 28 February 1969; revised 8 September 1969)
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A6CTpaKT-C l.\eJlblO aHaJIIOa ~e<!JopMal.\lIl1, Bbl3BaHHOll BHyTpeHHHM ~aBJleHlleM, TOHKHX

l.\HJlHHI\pH'leCKIiX 060JlO'leK H3 MaTepHaJlOB 06J1aI\alOli.\HX HeJlHHellHbIMH 3aBHCHMOCTlIMH HanplllKeHHe

I\e<!JopMal.\HlI, onpeI\eJllllOTClI OCHOBHble ypaBHeHlIlI, HcnOJlb3Yll rIInOTe3Y Kllpxro<!J<!Ja H BBO~lI

napaMeTp, YKa3b1BalOli.\Hll 3<!J<PeKT ClKHMaeMOCTIi MaTepllaJla. YpaBHeHlIlI nplIMeHlIlOTClI I\JllI cJlY'lall

onepTOll KopoTKoil l.\1IJ1I1HI\plI'leCKOil 060JlO'lKI1 113 aJlIOMI1Hl1ero CnJlaBa, nOI\ BHyTpeHHblM

I\aBJleHlleM. )],JllI HCCJleI\OBaHlilI BalKHOCTI1 npeI\nOJlOlKeHI1i1, cpaBHIIBalOTClI aHaJlIITII'IeCKlie

pe3YJlbTaTbi C 3KCnepI1MeHTaJlbHbIMIi.

AHaJlIITII'IeCKl1e pe3YJlbTaTbi KOMnOHeHTOB oceBoil I\e<!JopMalll1l1 pa3HlITClI 3Ha'lIHeJlbHO Ha

BHeulHeil H BHYTpeHHeil nOBepXHOCTlIX. CJlOlKHOe H3MeHeHI1e pacnpeI\eJleHlIlI oceBoil I\e<!JopMallHH Ha

BHyTpeHHoil nOBepXHOCTIi npli pOCTe I\aBJleHHlI npllnHCblBaeTClI HeJlI1HeilHOCTIi I\e<!JopMallIlH. TaKoe

HanpaBJleHlle cpaBHIIBaeTClI lICHO nyTeM COOTBeTCTBYIOU\ero 3KCnep11MeHTa.


